In a conventional dynamic atomic force microscopy (AFM), observing the flexural characteristics of a cantilever subjected to the tip-sample interaction is for extracting the topography and the material properties of a sample's surface. Recently, Sahin et al. (2007) found that it is essential for understanding surface properties to design a cantilever with an eccentric tip and observe its coupled flexural-torsional characteristics. For effectively analyzing the flexural and torsional signals simultaneously, one has to find out the mode of a cantilever that the ratio of the tip gradient of flexural deformation and the tip torsional angle is comparable. Moreover, the development of an analytical model that can accurately simulate the surface-coupled dynamics of the cantilever is important for quantitative and qualitative understanding of measured results. In this paper, an analytical model of a cantilever with an eccentric tip and subjected to a nonlinear tip-sample force is established. The analytical solution is derived. It is found that the first two modes are the flexural motion and the third mode is the coupled flexural-torsional motion. Finally, the influences of several parameters on the tip angle ratio and frequency shift are investigated.
Introduction
Atomic force microscopy (AFM) is the most frequently used scanning probe method for the characterization and modification of a variety of materials such as DNA, antibodies, polymers, and silicon surfaces (Garcia and Perez, 2002; Giessibl, 2003) . Conventionally, the first flexural mode is used to measure the dynamic response of a nano-scale topography and material properties of a sample's surface . Further, several contributions have emphasized the role of the higher flexural modes of a cantilever with a centric tip to obtain some material contrast. Recently, a few of literatures investigated surface properties by observing the coupled flexural-torsional modes of a cantilever with an eccentric tip (Sahin et al., 2007; Song and Bhushan, 2006) .
As for the researches on the higher flexural modes, Rodriguez and Garcia (2002) investigated the tip motion in AM-AFM with structural damping. It was found that higher harmonics contribution might play a dominant role in the environments of low quality factor. Stark et al. (1999) determined the first five eigenmodes of a v-shaped silicon cantilever by using the finite element method. They found that phase imaging in the third mode was extremely sensitive to surface inhomogeneities and surface contamination particles not visible in standard AM-AFM. Glatzel et al. (2003) and Sommerhalter et al. (2000) proposed that the first resonance is assigned for the topography and the second resonance for the potential measurement in FM-AFM. Stark and Heckl (2000) considered the displacement to be composed of several eigenfunctions of beam without the damping and the non-linear interaction force. Lin (2005 Lin ( , 2006 Lin ( , 2007 and Lin et al. (2007) presented the theoretical descriptions based on a continuous model describing the higher flexural modes of the cantilever subjected to a non-linear interaction force. However, there are two major difficulties in this approach. First, the signal-to-noise ratios of the higher harmonic vibrations are not sufficient for practical measurements. Second, the overall frequency response of the cantilever, required for translating harmonic vibration signals into harmonic forces acting on the tip, depends on the shape of the cantilever mode and the position of the laser spot. It is very difficult to determine all of these parameters accurately (Sahin et al., 2007) . Recently, the theoretical simulations of a new approach based on dual-frequency AFM are investigated. Garcia (2008, 2009 ) investigated the performance of a cantilever subjected to the van der Waals attractive force. However, Chawla and Solares (2009) and Proksch (2006) investigated that subjected to the coupled attractive and repulsive forces. The ability of the microscope to extract complementary information on the surface properties is increased by the simultaneous active excitation of several flexural cantilever modes. Acquirement of the tip-sample force curves and topography simultaneously becomes more easily.
As for the researches on the coupled flexural-torsional modes, Sahin et al. (2007) investigated a cantilever with eccentric tip measuring surface properties. As in the case of the conventional AFM, flexural vibration signals are used for amplitude feedback to follow topography. Simultaneously, torsional vibration signals were used for the calculation of the time-resolved tip-sample interaction forces. It was found that the torsional harmonic images allowed qualitative mapping of mechanical property variations. This approach is based on the use of a laterally asymmetric cantilever tip that combines active excited flexural and passive torsional vibrations. This theory is obviously different from that of the multifrequency AFM Garcia, 2008, 2009; Chawla and Solares, 2009 ). Song and Bhushan (2006) presented a finite element model simulating the free and surface-coupled dynamics of tip-cantilever system in dynamic modes of AFM. It was found that tip eccentricity had has significant effects on both of the amplitude and phase of cantilever responses. Definitely, analytical model simulating the surface-coupled dynamics of a cantilever is essential for understanding of measured results. So far, no analytical solution for the frequency shifts of a cantilever with an eccentric tip and subjected to a nonlinear tip-sample force is given.
In this paper, an analytical model is developed for simulation of free and surface-coupled dynamics of tip-cantilever system in dynamic modes of AFM. The analytical solution of this system is derived. Moreover, the influences of several parameters on dynamic behavior are investigated.
Free vibration

Governing equations and boundary conditions of flexural motion
In this study, the dynamic response of a cantilever with an eccentric tip, subjected to the interatomic tip-sample force is investigated, as shown in Fig. 1 . For understanding the coupled effect of the eccentric tip and the tip-sample force, the free vibration of this system without the effect of tip-sample force must be studied here. The elementary beam theory, commonly known as the Euler-Bernoulli beam theory, is considered here. The theory stipulates that the rotatory inertia and shear deformation effects are negligible. This theory is valid if the slender ratio of the length of the beam to its depth is relatively large, about more than 10, and if the ratio of the deformation to the length of the beam is relatively small, about less than 0.1. In short, large slender ratio and small deformation are the assumptions of the Euler-Bernoulli theory. Generally, the length and thickness of beam are about 100 and 2 lm, respectively. The deformation is about less than 100 nm. Therefore, the assumptions of the Euler-Bernoulli theory are suitable for the AFM probe. Vibration of the beam is in the direction perpendicular to its length. It is called as a transverse or flexural vibration. In the Euler-Bernoulli beam theory, the governing equation of motion is (Lin, 2006 (Lin, , 2007 Lin et al., 2007) 
The beam is clamped at x ¼ 0. The deflection and the slope of the deflection curve must be zero at x ¼ 0:
Wð0; tÞ ¼ 0;
The beam is attached to a tip at the free end. The bending moment is zero at x ¼ L:
Considering the torsional deformation due to the effect of eccentric tip mass, the transverse forces are composed of the shear force, inertia force of tip, and the tip-surface interacting force in dynamic equilibrium:
where m t is the tip mass, W the flexural displacement, E the Young modulus, e the eccentric tip, x the coordinate along the beam, L the length of the beam, q the mass density per unit volume. A and I denote the cross-sectional area and the area moment of inertia, respectively. Without loss of generality, the material and geometry properties are assumed to be constant. In terms of the following dimensionless parameters, Fig. 1 . Geometry and coordinate system of a cantilever with an eccentric tip.
the dimensionless governing differential equation of the system is
The boundary conditions are at n ¼ 0:
at n ¼ 1:
where L 0 is the characteristic length. A small value of L 0 is introduced to avoid the numerical transaction error.
Governing equations and boundary conditions of torsional motion
The torsional governing equation of a cantilever is expressed as (Meirovitch, 1967) @ @x GJ @h @x
The corresponding boundary conditions are follows: For a clamped end at x ¼ 0, one obtains the boundary condition hð0; tÞ ¼ 0: ð13Þ
where G is the shear modulus, I tip the mass moment of inertia, I tor the mass moment of inertia per unit length, J the polar area moment of inertia, h the twist angle. Without loss of generality, the shear rigidity GJ and the mass moment of inertia I tor are assumed to be constant. In terms of the following dimensionless parameters,
; r bs ¼ Eð0ÞIð0Þ Gð0ÞJð0Þ ;
The corresponding boundary conditions are at n ¼ 0: 
Substituting the solutions (19) into Eqs. (7)- (11) and (16)- (18), the reduced flexural governing equation and boundary conditions are
at n ¼ 0:
And the reduced torsional governing equation and boundary conditions are
The general solution of the flexural governing equation (20) 
On the other way, the solution of torsional motion (25) is
where the two linearly independent fundamental solutions / i can be derived easily / 1 ¼ cos x ffiffiffiffiffiffiffiffiffiffiffi ffi r bs i tor p n and
which satisfies the following normalized condition
Substituting the general solution (33) into the boundary conditions (26) and (27), one obtains 
Finally, the frequency equation via Eqs. (32) and (36) is obtained 
Analytical model of AFM measurement
The analytical model of an AFM cantilever with an eccentric tip and subjected to a tip-sample force is established here.
Governing equation and boundary conditions
Considering the interacting force between the sample and the tip, the dimensionless governing differential equation and bound- ary conditions of the flexural motion is the same as Eqs. (7)- (9) and (10), but the boundary condition (11) is modified as at n ¼ 1:
where the dimensionless van der Waals force f m ¼ c m f m , in which
Similarly, the dimensionless governing differential equation and boundary condition of the torsional motion are the same as Eqs. (16) and (17), but the boundary condition (18) 
Substituting the solutions (42) into the governing equation (7) and the boundary conditions (8)- (10) and (40), one obtains
at n ¼ 1: 
Similarly, substituting the solutions (42) into the governing equation (16) and the boundary conditions (17) and (41), one obtains
r ÀH sinð h cos xsÞ þ e cosð h cos xsÞ 
Finally, given the tip amplitude wð1Þ and the tip-sample distance D 0 and substituting the fundamental solutions m i and / i into Eqs.
(49) and (54), the tip torsional deformation hð1Þ and the ith resonant frequencies x i can be easily determined by using the numerical method proposed by Lin (2001) . Table 1 shows the influence of the eccentric distance of tip mass on the first three natural frequencies of a cantilever without the interacting tip-sample force. It is found that the influence of the eccentric distance e on the first two natural frequencies is negligible and on the third is small. Meanwhile, the first three mode shapes are presented in Fig. 2 . The torsional angles of the first two modes are almost zero. It means that the first two modes are the flexural motion. However, the third one is the coupled flexural-torsional motion. Moreover, the tip gradient of flexural deflection dWðLÞ=dx and the torsional angle hðLÞ are comparable. In conventional, if only one exciting frequency is given and only the flexural motion is detected, one can extract the topography information only. However, if two exciting frequencies are given and the flexural motion is detected, one can extract the topography and the interacting force information simultaneously Garcia, 2008, 2009; Chawla and Solares, 2009) . Similarly, although only one exciting frequency is given, but both the flexural and torsional motions are detected clearly, it is helpful for extracting the topography and the interacting force information simultaneously (Sahin et al., 2007) . Because the signal of the torsional motion of the third mode is easy to be detected, the operational frequency near the third one is recommended. Table 2 shows the influence of the eccentric distance e on the first three frequency shifts of a cantilever subjected to the interacting tip-sample force. The frequency shift denotes the difference between the resonant frequency of a cantilever with an eccentric tip mass and subjected to an interacting tip-sample force and that of a cantilever with a centric tip mass and not subjected to the tipsample force. It demonstrates that the influence of the eccentric distance e on the first two frequency shifts is negligible. But its effect on the third one is great. It is because the first two modes are dominated by the flexural motion. But the third is the coupled flexural-torsional motion. The eccentric distance e affects the behavior of the torsional motion only. Comparing the numerical results listed in Tables 1 and 2 , it is summarized that the coupled effect of the interacting tip-sample force and the eccentric distance results in a large torque and enhances the torsional vibration. Therefore, for a cantilever subjected to the interacting tip-sample force the effect of the eccentric distance is significant. Fig. 3a shows the influence of the beam length L on the gradient of flexural deflection W 0 ðLÞ under a fixed tip amplitude WðLÞ ¼ 10 nm. It is observed that increasing the beam length L decreases the gradient of flexural deflection. The reason is that the lateral deflection W is equal to the integration of the gradient of deflection W 0 and the fixed tip amplitude is considered. Fig. 3b shows the influence of the beam length L on the ratio of the tip torsional angle hðLÞ to the gradient of deflection W 0 ðLÞ under a fixed tip amplitude WðLÞ ¼ 10 nm. Its influence on the tip angle ratio jhðLÞ=W 0 ðLÞj of the third mode is significant but small on that of the first two modes. It is because the flexural motion dominates absolutely in the first two modes and the third mode is the coupled flexural-torsional motion. Moreover, the gradient W 0 ðLÞ obviously depends on the length L. Fig. 4a shows that the influence of the eccentric distance e on the gradient of flexural deflection W 0 ðLÞ under a fixed tip amplitude is small. Further, Fig. 4b demonstrates that increasing the eccentric distance e increases the ratio jhðLÞ=W 0 ðLÞj especially for the third mode. Fig. 5 shows the influence of the eccentric distance e, the tip amplitude WðLÞ and the tip-sample distance D on the third frequency shift Df 3 . When the tip-sample distance D is small, the effect of the interacting tip-sample force dominates and the influence of the distance D on the third frequency shift is significant. Moreover, a larger eccentric distance e results in a larger torque for a fixed tip-sample interaction force and more the third frequency shift Df 3 . When the tip-sample distance D is large, the effect of the interacting tip-sample force is negligible and the frequency shift depends only on the effect of the eccentric distance e. In addition, the coupled effect of the tip amplitude WðLÞ and the eccentric distance e on the third frequency shift is significant. Fig. 6 shows the influence of the beam length L, the eccentric distance e, and the tip-sample distance D on the third frequency shift. Naturally, decreasing the tip-sample distance D increases the frequency shift. Moreover, for the cantilever with the beam length of 300 lm the influence of the eccentric distance e on the frequency shift is small. But for the cantilever with the beam length of 200 lm the frequency shift decreases greatly with the eccentric distance e. Fig. 7 shows influence of the Hamaker constant A H , the amplitude A and the tip-sample distance D on the first three frequency shifts. It is found that their effects on the first frequency shift are the greatest. For small tip amplitude the effect of the Hamaker constant A H on the frequency shifts is great but small for large tip amplitude. The tip-sample interacting force is proportional to the Hamaker constant A H . It is because for a fixed closest tip-sample distance D the average tip-sample interacting force of the case with large amplitude is smaller than that of the case with small amplitude.
Numerical results and discussion
Conclusions
The analytical model of an AFM cantilever with an eccentric tip mass and subjected to the van der Waals force is established. It is found that the first two modes of a cantilever with an eccentric tip mass are the flexural motion. The third one is the coupled flexuraltorsional motion. In other words, the torsional signal of the third mode is easily and clearly detected. If the topography and the material properties of a sample's surface are to be simultaneously determined by using AFM, the operational frequency near the third one is recommended. It is found that for a cantilever subjected to the interacting tip-sample force the effect of the eccentric distance is significant. The influence of the beam length L, the eccentric distance e and tip amplitude WðLÞ on the tip angle ratio jhðLÞ=W 0 ðLÞj of the third mode is significant. Moreover, for small tip amplitude the effect of the Hamaker constant A H on the frequency shifts is great.
